The propagation of Ince-Gaussian beams in media where the refractive index varies quadratically with the distance from the optical axis is studied. Explicit expressions for the complex beam parameter and the longitudinal phase shift are derived and discussed. Ince-Gaussian eigenmodes with constant width can be obtained by satisfying a relation between the beam width and the quadratic-medium coefficient. The derivation has included the possibility of propagation of Ince-Gaussian beams in complex lenslike media having quadratic transverse variations of the index of refraction and the gain or loss. © 2005 Optical Society of America OCIS codes: 260.1960, 350.5500, 140.3300, 050.1960 In addition to the well-known Hermite-Gaussian (HG) beams and Laguerre-Gaussian (LG) beams, 1 in recent papers the existence of the Ince-Gaussian (IG) beams, which constitute the third complete family of transverse eigenmodes of stable resonators, was theoretically 2-4 and experimentally 5 demonstrated. These new modes are exact and orthogonal solutions of the paraxial wave equation in elliptic coordinates and may be considered continuous transition modes between HG beams and LG beams.
In addition to the well-known Hermite-Gaussian (HG) beams and Laguerre-Gaussian (LG) beams, 1 in recent papers the existence of the Ince-Gaussian (IG) beams, which constitute the third complete family of transverse eigenmodes of stable resonators, was theoretically [2] [3] [4] and experimentally 5 demonstrated. These new modes are exact and orthogonal solutions of the paraxial wave equation in elliptic coordinates and may be considered continuous transition modes between HG beams and LG beams.
In this paper we derive an expression for the propagation of IG beams in a quadratic-index medium. As with HG and LG beams, 6 ,7 the transverse intensity distribution of the IG beams is shape invariant and its width is a periodic function of the propagation distance. The propagation of the IG beams through quadratic-index media is formulated in terms of a complex beam parameter. The explicit expressions of the periodic beam width and the longitudinal phase shift are derived. Knowledge of the phase shift is necessary for the study of the resonating conditions of IG beams in laser resonators that exhibit a transverse quadratic gain or loss profile and for the study of the propagation of IG beams through birefringent elements.
Let us consider an inhomogeneous medium whose refractive index varies radially as n(r) ϭ n 0 (1 Ϫ a 2 r 2 /2). For a paraxial electric field traveling in the z direction we write E(r, t) ϭ ⌿(r)exp(ikz Ϫ it), where k ϭ n 0 /c is the wave number at the optical axis and ⌿(r) is a slowly varying complex envelope that satisfies the paraxial wave equation
where ٌ t 2 ϭ ‫ץ‬ 2 /‫ץ‬x 2 ϩ ‫ץ‬ 2 /‫ץ‬y 2 is the transverse Laplacian. In deriving Eq. (1) the approximation n 2 (r) ϳ n 0 2 (1 Ϫ a 2 r 2 ) was used. We construct a solution of Eq. (1) having the form
where q(z) is the complex beam parameter to be determined. Substitution of Eq. (2) into the paraxial wave equation (1) yields two equations,
with ٌ t ϭ x ‫‪x‬ץ/ץ‬ ϩ ŷ ‫‪y‬ץ/ץ‬ being the transverse gradient and r t ϭ xx ϩ yŷ the transverse radius vector. Equation (3) is a nonlinear differential equation whose solution is
where
Expression (5) represents the transformation law for the complex beam parameter of an IG beam propagating through a quadratic-index medium from the plane z 1 to the plane z 2 . Since the designation of z 1 is arbitrary, let us choose the waist plane z 1 ϭ 0 to be that for which the constant-phase surface is a plane. To satisfy this requirement we need that exp͓ikr 2 /2q(z 1 )͔ be purely real and consequently q(z 1 ϭ 0) ϭ Ϫiz R , where z R ϭ kw 0 2 /2 is the Rayleigh range of a Gaussian beam. The complex beam parameter q(z) then becomes
By writing 1/q ϭ 1/R ϩ i2/kw 2 , we determine the beam width w(z) and the radius of curvature R(z) of the wave fronts, and we obtain
In attempting to obtain solutions of Eq. (4) in elliptical coordinates (, , z) we will consider a function of the form U͑r͒ ϭ E͑ ͒N͑ ͒exp͓iZ͑z͔͒, (9) where E, N, and Z are real functions.
In a transverse z plane, we define the elliptic coordi-
where ͓0, ϱ) and ͓0, 2) are the radial and angular elliptic variables, respectively. At a given z plane, curves of constant are confocal ellipses and curves of constant are confocal hyperbolas. The semifocal separation f diverges in the same way as the width of the beam, i.e., f(z) ϭ f 0 w(z)/w 0 , where f 0 is the semifocal separation at the waist plane z ϭ 0. The existence of the IG beams is ensured if three real functions E(), N(), and Z(z) can be found such that Eq. (9) satisfies Eq. (4) in elliptical coordinates. Inserting the trial solution we obtain the three ordinary differential equations
where p and are separation constants and ⑀ ϭ 2f 0 2 /w 0 2 will be referred to as the ellipticity parameter of the IG beam.
If we substitute R(z) and w(z) into Eq. (12) the function Z(z) is determined after integration, and we have
Equation (11) Collecting the partial solutions provides the expression of the full spatial evolution of IG beams in quadraticindex media, namely,
where C is a normalization constant and the superindex e refers to even modes. Odd IG beams IG p,m o (r, t) are obtained by writing the odd Ince polynomials S p m ( • , ⑀) and the odd normalization constant S instead of the even ones.
At a given z plane, the transverse amplitude distribution of the IG beams is proportional to
Several transverse shapes of even IG beams with ⑀ ϭ 3 are depicted in Fig.  1 . The patterns exhibit clearly the elliptical transverse structure of the IG beams. The index m corresponds to the number of hyperbolic nodal lines, and ( p Ϫ m)/2 is the number of elliptic nodal lines. Regardless of the indices, the width of the beam is proportional to w(z), so that as z increases, the transverse intensity pattern is affected by the overall factor w 0 2 /w 2 (z) but otherwise is shape invariant. This result follows from the fact that 
as it propagates along the axial direction. Equation (14) reduces to the known expression of the IG beams for freespace propagation when a goes to zero.
2,3
The longitudinal phase shift of the IG beams propagating in a quadratic index medium is given by
where (z) ϭ arctan͓tan(az)/az R ͔. The shift then comprises two components: the first, kz, is the phase of a plane wave. The second one is proportional to (z) and represents a phase retardation corresponding to an excess delay of the wave front in comparison with that of a plane wave. The behavior of (z) as a function of the normalized propagation distance z/z R is depicted in Fig. 2 for several values of az R . As expected, for free-space propagation (a ϭ 0) the total phase retardation as the beam travels from z ϭ Ϫϱ to z ϭ ϱ is ( p ϩ 1). For quadratic-index media with a Ͼ 0, the total phase retardation is no longer bounded. For propagating scaleinvariant IG eigenmodes (az R ϭ 1), the longitudinal phase shift reduces to a linear function of z, namely, ͓k Ϫ ( p ϩ 1)a͔z.
We remark that IG beams at any z plane are orthonormal with respect to the indices and the parity, i.e.,
͵ ͵
where ␦ is the Kronecker delta function, the overbar denotes the complex conjugate, and ϭ ͕e, o͖ is the parity.
Equation (17) , where the sign defines the traveling direction. 2, 3 This field propagates in the quadraticindex medium carrying orbital angular momentum and exhibiting multiple elliptic vortices, which are attractive properties for potential applications in optical tweezers, particle trapping, and measurements of mechanical torque.
In assuming a complex value for the constants n 0 or a in the expression of the refractive index, we are allowing for the possibility that Eq. (14) describes the propagation of IG beams in quite general quadratic-index media including media exhibiting a nonuniform loss or gain profile-for example, the medium of a gas laser amplifier where the gain decreases with the distance from the axis of the laser tube. 9 In conclusion, we have derived the complex beam parameter and the longitudinal phase shift of the IG beams propagating in a quadratic-index medium. In the course of obtaining these expressions, we included a derivation of the full spatial evolution of IG beams in complex quadratic-index media. We found that the propagation of the beam can be written in a simple form if the complex beam parameter is used. This parameter gives information on the width of the IG beam and on the curvature of the phase front in each transverse plane of interest. IG eigenmodes with constant width can be obtained by satisfying the input condition w 0 ϭ (2/ak) 1/2 . These IG eigenmodes constitute a complete set of solutions of the two-dimensional Helmholtz equation in a quadratic-index medium and can be used to find the IG series representation of the two-dimensional fractional Fourier transform. 
